Radiative-recoil corrections to hyperfine splitting in
Introduction
The hyperfine splitting in the ground state of muonium with precision about 1 low8, or at the level of a few hundredths of a kilohertz.
In anticipation of the long-awaited results from this precision experiment, recent years witnessed a surge of theoretical activities in this field.
A tedious calculation of the purely radiative corrections of order a'(2a)Ep [3-51 was followed by calculation of the leading corrections of higher orders (see references in [3,5]). Magnitude of these higher order corrections varies from a few thousandths to a few tenths of a kilohertz and some of them turned out to be rather large.
The correction of order a ( 2 a ) ' E~ was also recalculated recently [6,7].
We consider below radiative-recoil corrections of order a( 2 0 ) ( m / M ) 2 E= and ( Z 2 a ) (,%'a)( m/M)' E=, which were not discussed so far. For muonium both the fine structure constant a a,nd the electron-muon mass ratio (m./M) are of the same order of magnitude, and one could expect that the corrections under discussion would produce contributions comparable to the higher order corrections of order a4Ep mentioned a.bove. Another rea.-son for interest to the radiative-recoil correction of second order in mass ra.tio is connected with a long sta.nding discrepancy between the results of [8] and [9, 10] for radiative-recoil corrections of the first order in mass ratio, induced by the radiative insertions in the electron line. The discrepancy is about three standard deviations of the accuracy of the numerical calculations in [8] , and is equal to 0.22 kHz. This discrepancy which was of a pure academic interest at the moment when the respective calculations were performed, now acquires some practical importance. An apparent reason for this contradiction could be connected with the fact, that while in [9, 10] an explicit expansion in the small mass ratio was performed and only the contribution of the first order was preserved, in the calculations in [8] only the nonrecoil contribution was thrown away, and the result of this work contains really not only linear in the mass ratio term but also all contributions of higher orders in the mass ratio. With the results of this work we will be able to test this hypothesis about the origin of the discrepancy between the results in [8] and [9, 10] .
Calculation of Radiative-Recoil Corections
Radiative-recoil corrections to hyperfine splitting are generated by the diagrams with all possible radiative insertions in the two-photon exchange graphs and it is sufficient to calculate respective matrix elements between the Coulomb-Schrodinger wave functions (see, e.g., discussion in [ll] ). We will consider below separately corrections generated by the three types of diagrams: polarization insertions in the exchanged photons, radiative insertions in the electron line, a.nd radiative insertions in the muon line.
General expression for the a(2a)Er;. corrections to hyperfine splitting induced by the electron va.cuum polarizaOion insertions in the exchanged photons can he easily obtained from the integral for the skeleton graph with two exchanged photons by the substitution of the po1ariza.-tion operator instead of one of the photon lines. Genera.1 expression for the radiative-recoil corrections obtained in this manner contains nonrecoil ra.diative corrections of order a ( 2 a ) E~ as well as radiative-recoil corrections of all orders in the electron-muon mass ratiod. Extra.cting contribution of the second order in mass ratio w e obtain SE,, = -o (~o ) 4 3 ( -;)'Er.
Besides electron vacuum polarization onc has also to consider muon vacuum polarization insertion. It is easy to check that it does not generate contributions of order ( m./M)2. Ha.dron vacuum polarization insertions lead to t,he corrections of the same order as the miion vacuuni polarization and will be ignored in our discussion.
Radiative corrections to the hyperfine splitting induced by the radiative insertions in the electron line are given by the expression [lo] similar to the one in the case of the polarization opemtor, the only difference is that instead of the polariza.tion operator insertion the integrand contains the electron factor. Carrying our respective calculations which are more complicated tha.n in the case of the pohrization operator one obta.ins for the corrections of second order in the electron-muon mass ratio Radiative-recoil correction of the relative order / J ,~ induced by the radiative insertions in the muon line may be calculated in the same way as in the case of the radiaitve insertions in the electron line and one obtains 
FS -6.32555.. . cr2 ( ; ) l E F .
Numerically the contribution to hyperfine splitting obta.ined in this paper is equa.1 to 6Ernd-rec = -0.0351.. . kHz, (8) a.nd should be taken into account in comparison of the pending experimental results with the theory, as well as some other small corrections to hyperfine splitting calculated recently.
